In this paper, we investigate (signless) Laplacian spectral characterization of graphs with star components. Also, we prove that the join graph K n−α − e ∨ αK 1 is DQS for n − α > 3 and α = 3, and for α = 3, we show that its only Q-cospectral mate is K 1,3 ∪ K 2 ∪ (n − 6)K 1 .
Introduction
Graphs considered in this paper are simple and undirected. For a graph G with vertex set V (G) (where |V (G)| = n) and edge set E(G), the degree of a vertex v i of G is the number of neighbors of v i and is denoted by d i (G). Throughout the paper, we assume that the sequence {d i (G)} n i=1 is non increasing, i.e., d i (G) ≥ d i+1 (G), i = 1, 2, . . . , n−1. Let A(G) be the adjacency matrix of G and D G be the diagonal matrix of degrees of G. The Laplacian matrix L(G) and signless Laplacian matrix Q(G) of the graph G are defined as L(G) = D G −A(G) and Q(G) = D G + A(G), respectively. We denote the Laplacian eigenvalues of G by µ 1 (G) ≥ µ 2 (G) ≥ . . . ≥ µ n (G) and let γ 1 (G) ≥ γ 2 (G) ≥ . . . ≥ γ n (G) be the signless Laplacian eigenvalues of G. The Spectrum of the matrix A(G) (resp. L(G) and Q(G)) is called the A-spectrum (resp. L-spectrum and Qspectrum) of G. We denote by Spec L (G), the Laplacian spectrum of G and Spec Q (G) denote the signless Laplacian spectrum of G. It may be noted that for a bipartite graph, its Laplacian spectrum and signless Laplacian spectrum coincides. Two graphs are said to be A-cospectral (resp. L-cospectral and Qcospectral) if they have the same A-spectrum (resp. L-spectrum, Q-spectrum). If two graphs are A-cospectral (resp. L-cospectral, Q-cospectral), then they are not necessarily isomorphic. A graph G is said to be DS (resp. DLS, DQS) if there is no other non-isomorphic graph A-cospectral (resp. L-cospectral, Qcospectral) with G. Interestingly, a graph G is DLS if and only its complement G is DLS. The problem of characterizing graphs which are determined by their spectra is one of the interesting and difficult problem in spectral graph theory. This problem was posed by Günthard and Primas [15] with motivations from Hückel theory. In [31, 32] , Dam and Haemers gave a survey of answers to the question of which graphs are determined by the spectrum of some matrix associated to the graph. In literature, there are several papers addressing the problem of characterizing graphs which are DS, DLS and DQS. In fact, only few graphs with special structures have been proved to be determined by their spectra. For some recent papers on this topic, see [8, 18, 20, 24, 30] . As usual, P n , C n , S n and K n stand for the path, the cycle, the star graph and the complete graph of order n, respectively. We use K n,m to denote the complete bipartite graph with vertex partition sets of order n and m, and let G − e be the graph obtained from G by deleting the edge e of G.
Recently, (signless) Laplacian spectral characterization of disjoint union of graphs have been studied and also the problem of characterizing join graphs which are determined by their (signless) Laplacian spectra is considered. In [20, 26, 29, 35] , (signless) Laplacian characterization of graphs with isolated vertices were studied. In [1] , Abdian et al. investigated signless Laplacian spectral characterization of graphs with independent egdes and isolated vertices. In [4, 7, 23, 25, 33] , the join graph G ∨ K r is proved to be DQS under certain conditions on G, namely, when G is a k-regular graph for k = 1, 2, n − 2, n − 3 and if G is a complete split graph. Motivated by these works in Section 2 of this paper, we investigate (signless) Laplacian spectral characterization of graphs with star components and in Section 3, we prove that the join graph K n−α − e ∨ αK 1 is DQS for n − α > 3 and α = 3, and for α = 3, we show that its only Q-cospectral mate is K 1,3 ∪ K 2 ∪ (n − 6)K 1 .
Some disjoint union of graphs determined by their signless Laplacian spectra
In this section, we first give a list of lemmas that are useful to prove our main results. We denote by G p,n,q , the double starlike tree obtained by attaching p pendant vertices to one pendant vertex of the path P n and q pendant vertices to the other pendant vertex of P n . Let m − G (λ) ( resp. m + G (λ) ) be the multiplicity of the Laplacian (resp. signless Laplacian) eigenvalue λ of G. Let p − (G) (resp. p + (G)) denote the product of non-zero Laplacian (resp. singless Laplacian) eigenvalues of G. Lemma 2.6 ( [5] ). For any connected bipartite graph G of order n, we have p + (G) = p − (G) = nτ (G), where τ (G) is the number of spanning trees of G. Lemma 2.7 ([28] ). For any graph G, det(Q(G)) = 4 if and only if G is an odd unicyclic graph. Lemma 2.8 ([27] ). The graph G p,n,q is determined by its Laplacian spectrum. Lemma 2.9 ([20] ). Let T be a DLS tree of order n. Then T ∪ rK 1 is DLS. 31] ). From the adjacency spectrum, the Laplacian spectrum and from the signless Laplacian spectrum of G, the following invariants of G can be obtained.
(1) The number of vertices.
(2) The number of edges. From the Laplacian spectrum, the following invariant of G can be deduced.
(3) The number of components. From the signless Laplacian spectrum, the following invariant of G can be obtained.
(4) The number of bipartite components. Lemma 2.11 ([22] ). Let G be a connected graph with n ≥ 3 vertices. Then [13] ). Suppose T is a tree on n vertices. If µ > 1 is an integer Laplacian eigenvalue of T , then µ|n and m − T (µ) = 1.
Lemma 2.15 ([9] ). Let G be a connected graph of order n. Then γ n (G) < d n .
Lemma 2.16 ([21] ). Let U be an unicyclic graph. If λ > 1 is an integer signless Laplacian eigenvalue of U , then m + U (λ) ≤ 2.
Theorem 2.17 ([2] ). Let G be a connected graph of order n ≥ 4. Then G has a Q-eigenvalue c of multiplicity n − 2 if and only if G is one of the graphs K n − e, S n , K n/2,n/2 , K 3 ∪ S 4 and K 1 ∪ 2K 3 .
The following lemma gives the signless Laplacian spectrum of the double star graph G(p, 2, q). 
{γ 1 (G p,2,q ), γ 2 (G p,2,q ), m, , 1, 1, . . . , 1, γ p+q+1 (G p,2,q ), 0}.
Case I: If Spec L (H 1 ) = {γ 1 (G p,2,q ), 1, 1, . . . , 1, γ p+q+1 (G p,2,q ), 0}. Then by Lemma 2.11, d 2 (H 1 ) = 1 and so H 1 is a star graph. This is impossible, since γ p+q+1 (G p,2,q ) < 1 and γ p+q+1 (G p,2,q ) ∈ Spec L (H 1 ).
Case II: Spec L (H 1 ) = {γ 1 (G p,2,q ), m, 1, 1, . . . , 1, γ p+q+1 (G p,2,q ), 0}.
Subcase I: Suppose m > γ 1 (G p,2,q ). From Remark 2.19, the largest Laplacian eigenvalue of a double star graph is never an integer. Now, since m − H 1 (1) = |V (H 1 )|−4, by Lemma 2.4, it follows that H 1 must be a double star graph. Thus H 1 is a double star graph with integer m as its largest Laplacian eigenvalue, a contradiction.
Subcase II: Suppose m < γ 1 (G p,2,q ). Since γ 2 (G p,2,q ) / ∈ Spec(H 1 ), γ 2 (G p,2,q ) must be the largest Laplacian eigenvalue of a star graph and so γ 2 (G p,2,q ) must be an integer. Hence by Remark 2.19, γ 2 (G p,2,q ) = q + 1, p = q and γ 1 (G p,2,q ) = q + 2. Now, since m − H 1 (1) = |V (H 1 )| − 4 by Lemma 2.4, it follows that H 1 must be a double star graph, i.e., H 1 ∼ = G p ,2,q , and also since Spec L (H 1 ) = {γ 1 (G p,2,q ), m, 1, 1, . . . , 1, γ p+q+1 (G p,2,q ), 0}, we must have q = m − 1, p = q and γ 1 (G p,2,q ) = q + 2, by Remark 2.19. Thus γ 1 (G p,2,q ) = q + 2 = q + 2 and so q = q and p = p . Hence H 1 ∼ = G p,2,q .
Case III: If Spec L (H 1 ) = {γ 1 (G p,2,q ), γ 2 (G p,2,q ), 1, 1, . . . , 1, γ p+q+1 (G p,2,q ), 0}, then H 1 and G p,2,q are L-cospectral, and also without loss of generality, we can assume that
This is impossible, because the graph G 1 is DLS, by Lemma 2.8 and so G 1 ∪ K 1 is DLS, by Lemma 2.9. This completes the proof.
Using the fact that a graph G is DLS if and only if G is DLS, we obtain the following result from the above theorem.
Theorem 2.22. Let p + q and m be odd positive integers. Then the graph
Proof. Let H be a graph Q-cospectral with G p,2,q ∪ rS m ∪ sK 1 . By Lemma 2.10 (4), H has exactly r + s + 1 bipartite components. So H has at least p + q + r(m − 1) + 1 edges. Let H 1 , H 2 , . . . , H r+s+1 be the bipartite components of H with n 1 , n 2 , . . . , n r+s+1 vertices, respectively. Since G p,2,q ∪ rS m ∪ sK 1 has p+q +r(m−1)+1 edges, by Lemma 2.10 (2), it follows that H 1 , H 2 , . . . , H r+s+1 are trees and all other components of H, if any, are odd unicyclic graphs.
Then H is L-cospectral with G p,2,q ∪ rS m ∪ sK 1 and so by Theorem 2.20, H ∼ = G p,2,q ∪ rS m ∪ sK 1 . Suppose H has c (≥ 1) number of odd unicyclic components, then by Lemmas 2.6 and 2.7, 4 c n 1 n 2 . . . n r+s+1 = (p + q + 2)m r . This is impossible because (p + q + 2)m r is odd. This completes the proof. Theorem 2.23. Let p > 1 be an odd integer and let G be an odd unicyclic DQS graph of order n such that m + G (p) = 2. Then the graph G ∪ rS p ∪ sK 1 is DQS.
Proof. Let H be a graph Q-cospectral with G ∪ rS p ∪ sK 1 . By Lemma 2.10 (4), H has exactly r+s bipartite components and so H has at least n+r(p−1) edges. Let H 1 , H 2 , . . . , H r+s be the bipartite components of H with n 1 , n 2 , . . . , n r+s vertices, respectively. Since G ∪ rS p ∪ sK 1 has n + r(p − 1) edges and H has at least n + r(p − 1) edges, the components H 1 , 
. . , H r+2 have p as one of its signless Laplacian eigenvalue and also p must divide n i for 1 ≤ i ≤ r + 2, i.e., n i = pk i , for some integer k i . Therefore, from Lemmas 2.6 and 2.7, we have 4p r = p r+2 k 1 k 2 . . . k r+2 n r+3 . . . n r+s . This implies that p|4, a contradiction. Hence H has c (≥ 1) number of odd unicyclic graphs. Now, again by Lemmas 2.7 and 2.6, 4p r = 4 c n 1 n 2 . . . n r+s and so c = 1, since p is odd. Let C be an odd unicyclic component of H. From Lemmas 2.16 and 2.14, at least r bipartite components (trees) of H, say H 1 , H 2 , . . . H r have p as one of its signless Laplacian eigenvalue and also p must divide n i for 1 ≤ i ≤ r, i.e., n i = pk i , for some integer k i . Hence p r = p r k 1 k 2 . . . k r n r+1 n r+2 . . . n r+s and so k 1 = k 2 = . . . = n r+1 = n r+2 = . . . = n r+s = 1. Thus H i , 1 ≤ i ≤ r is a tree with p vertices and H i = K 1 , i = r + 1, r + 2, . . . , r + s. Now, since p is a signless Laplacian eigenvalue of H i (1 ≤ i ≤ r), a tree with p vertices, by Lemma 2.13,
Theorem 2.24. Let G be an odd unicyclic DQS graph on n vertices such that γ n−1 (G) ≥ 1 and let p > 1 be an odd integer such that no proper divisors of p is a signless Laplacian eigenvalue of G and n ≥ 3p + 1. Then the graph n i = n + p + s ≤ s + 4p. This implies n ≤ 3p, a contradiction. Hence H has c (≥ 1) number of odd unicyclic graphs. Now again from Lemmas 2.7 and 2.6, 4p = 4 c n 1 n 2 . . . n s+1 and so c = 1 and p = n 1 n 2 . . . n s+1 , since p is odd. Let H 0 be the odd unicyclic component of H of order n 0 . If γ n 0 (H 0 ) < 1, then by hypothesis and from Lemma 2.12, all the trees H 1 , H 2 , . . . , H s+1 are star graphs. Since no proper divisors of p is a signless Laplacian eigenvalue of G and also since p = n 1 n 2 . . . n s+1 , we have,
n i , it follows that n ≤ 3, a contradiction. This completes the proof.
The proof of our next theorem is similar to that of the above theorem.
Theorem 2.25. Let G be an odd unicyclic DQS graph on n ≥ 10 vertices. Then the graph G ∪ S 3 ∪ sK 1 is DQS.
In [29] , Sun et al. showed that if G is a (n, m) graph with n ≥ 10 and m ≥ n(n − 3)/2 + 4, then the graph G ∪ K 2 ∪ rK 1 is DLS. Motivated by this result, we obtain the following theorem. 
Proof. Since G ∪ K 2 ∪ rK 1 and H are Q-cospectral, by Lemma 2.10 (4), H has at least r + 1 components. Let us assume that H has exactly r + 1 components. Suppose H 1 is a bipartite component of H with n 1 vertices and γ 1 (H 1 ) = γ 1 (G). Then from Lemmas 2.1 and 2.2, we have
From (2.1), it follows that 4 ≤ n ≤ 8.
Case I: n = 4 or n = 8. If n = 4, then by (2.1), H 1 is a bipartite graph with 6 vertices and 7 edges. Also, we must have γ 1 (H 1 ) = 6. This is impossible, because H 1 is a proper subgraph of a complete bipartite graph with 6 vertices and so by Lemma 2.5, γ 1 (H 1 ) < 6. If n = 8, then H 1 is a bipartite graph with 10 vertices and 21 edges. Also, 2 ∈ Spec Q (H 1 ). This is impossible.
Case II: If n = 5, then by (2.1), H 1 is a bipartite graph with 7 vertices and 9 edges, and G is a non bipartite graph with 5 vertices and 8 edges. Also,
. By using Maple, we see that K 2,5 − e is the only bipartite graph with 7 vertices and 9 edges such that its largest singless Laplacian eigenvalue greater than 6.4. Also, there are 2 non isomorphic graphs with 5 vertices and 8 edges, see Figure 1 . But the largest signless Laplacian eigenvalue of these two graphs are different from that of K 2,5 − e.
Case III: If n = 6, then by (2.1), H 1 is a bipartite graph with 8 vertices and 12 edges, and G is a non bipartite graph with 6 vertices and 11 edges. By using Maple, we see that K 2,6 is the only bipartite graph with 8 vertices and 12 edges having its largest signless Laplacian eigenvalue greater than 22 3 . Also, there are 9 non isomorphic graphs with 6 vertices and 11 edges, see Fig. 2 . But the second largest signless Laplacian eigenvalue of these 9 graphs are not equal to γ 2 (K 2,6 ) = 6. Case IV: If n = 7, then H 1 is a bipartite graph with 9 vertices and 16 edges.
Also, we must have γ 1 (H 1 ) ≥ 60 7 . Using Maple, we see that there is no bipartite graph with 9 vertices and 16 edge such that γ 1 (H 1 ) ≥ 60 7 .
Hence H at least r+2 components. Let H 1 be a component of H with maximum number of vertices. Then |V (H 1 )| ≤ n + 1.
Case V: If |V (H 1 )| = n + 1, then H ∼ = H 1 ∪ (r + 1)K 1 , where H 1 is a connected graph on n + 1 vertices and has 2 as one of its signless Laplacian eigenvalue. Hence (a) holds.
n > n, and so by Lemmas 2.2 and 2.3, G is a non bipartite graph. This is not possible, because H has r + 2 bipartite components and by Lemma 2.10, G must be bipartite. Hence (b) holds.
Case VII: If |V (H 1 )| = n − 1, then
By Lemma 2.10, it is straight forward that the case Since H must have at least (n − 2)(n − 3) 2 + 6 edges, it follows that H ∼ = K n−2 ∪ K 4 ∪ rK 1 . In this case, for n = 4, it can be seen that both H and G ∪ K 2 ∪ rK 1 have different number of bipartite components and hence by Lemma 2.10, the case |V (H 1 )| = n − 2 is not possible. Hence the theorem is proved.
Proof. Let H be a graph Q-cospectral with K n ∪ K 2 ∪ rK 1 . Since |E(K n )| = n(n − 1)/2 ≥ (n − 2)(n − 3) 2 + 5, from the above theorem, we have the following choices for H:
This implies that 2 ∈ Spec Q (K n ) and so n = 4. Therefore, Spec Q (H 1 ) = {6, 2, 2}. This is impossible as there is no graph H 1 of order 3 with Spec Q (H 1 ) = {6, 2, 2}.
Case II: H ∼ = H 1 ∪ K 1,2 ∪ K 2 ∪ (r − 1)K 1 . This is impossible because both 1 and 3 cannot be the Q-eigenvalues of a complete graph K n .
Case III: H ∼ = H 1 ∪ (r + 1)K 1 . If n = 4, then Spec(H 1 ) = {6, 2, 2, 2, 2}}. This is impossible because there is no graph with signless Laplacian spectrum as specified above. Suppose n > 4. Then H 1 is a non bipartite graph with three distinct Q-eigenvalues 2(n − 1), n − 2 and 2. From Theorem 2.17, we see that H 1 must be one among the graphs K n+1 − e, K 1 ∪ 2K 3 and K 3 ∪ S 4 . Since Spec Q (K n+1 − e) = {(3n − 3 + (n + 1) 2 + 4n − 8)/2, n − 2, n − 2, . . . , n − 2, (3n−3− (n + 1) 2 + 4n − 8)/2} and Spec Q (K 1 ∪ 2K 3 ) = Spec Q (K 3 ∪ K 4 ) = {9, 4, . . . , 4, 1}. This case is not possible.
Case IV: H ∼ = H 1 ∪ K 2 ∪ rK 1 . This implies that H and K n are Q-cospectral mates. Since K n is DQS, we must have H ∼ = K n . This completes the proof.
Remark 2.28. The above theorem is not true for n = 3, for example, the graphs K 3 ∪ K 2 ∪ rK 1 and K 1,3 ∪ K 2 ∪ (r − 1)K 1 are Q-cospectral but not isomorphic.
In [1] , it is claimed that if G is a DQS connected non-bipartite graph with n ≥ 3 vertices and if H is Q-cospectral with G ∪ rK 1 ∪ sK 2 , then H is a DQS graph. Here we give a counterexample for the claim. Let G and H 1 be graphs as depicted in Fig. 3 3 Signless Laplacian spectral determination of the join K n−α − e ∨ αK 1
In Section 2, we showed that the graph K n ∪ K 2 ∪ rK 1 with n ≥ 4 is DQS.
In this section, we study the signless Laplacian spectral characterization of its complements. we first list some necessary lemmas required to prove our main results. We denote the eigenvalues of a Hermitian matrix M of order m by θ 1 (M ) ≥ θ 2 (M ) ≥ . . . ≥ θ m (M ). The join of two graphs G and H, denoted by, G ∨ H is the graph obtained by joining every vertex of G to every vertex of H.
Lemma 3.1 ([19]
). Let M = N + P , where N and P are Hermitian matrices of order n. Then for 1 ≤ i, j ≤ n, we have
We denote by P Q (G, λ) , the characteristic polynomial of Q(G).
Lemma 3.2 ([34]
). Let G = K n 1 ,n 2 ,...,nr be a complete multipartite graph with r i=1 n i = n. Then c. and the three roots of the polynomial
(3.1)
The following two lemmas can be obtained easily. b. n − 2, with multiplicity n − 5;
c. and the three roots of the polynomial Theorem 3.10. Let n − α > 3. Then for α = 3, the graph K n−α − e ∨ αK 1 is DQS. If α = 3, then the only Q-cospectral mate of K n−3 − e ∨ αK 1 is
Proof. Let G ∼ = K n−α − e ∨ αK 1 . Let H be a graph Q-cospectral with K n−α − e ∨ αK 1 . Then it is easy to see that (3.4 ) and also we must have α ≥ 4. Since γ 2 (H i j ) < α − 2, 1 ≤ j ≤ α and H can have at most 2 non-zero signless Laplacian eigenvalues strictly less than α − 2, there exists at least one connected component say H i j such that γ 2 (H i j ) = 0. Therefore H i j ∼ = K 2 , since γ 2 (H i j ) = 0 and 0 can be a signless Laplacian eigenvalue of a connected graph with multiplicity at most 1. Hence α − 2 ≤ γ 1 (H i j ) = 2 and so α = 4.
Thus |E(H)| = 7 by (3.2) and H = H i 1 ∪H i 2 ∪K 2 ∪K 2 ∪H 0 , for some graph H 0 (not necessarily connected). Since the maximum number of non-zero signless Laplacian eigenvalue of H is 6, one can easily check that there is no graph
Thus our claim is true.
Let H 1 be a connected component of H with γ 2 (H 1 ) ≥ α − 2, then from Lemma 3.7, |V (H 1 )| ≥ γ 2 (H 1 ) + 2 ≥ α. Now since γ n−α−1 (H) = n − 2 and γ n−α (H) = n − 2, by Lemma 3.7, it follows that H has exactly n − α − 2 or n − α − 1 bipartite components. Let us first assume that H has exactly n − α − 2 bipartite components. Since γ n−α−1 (H) = n − 2, by Lemma 3.7, all the bipartite graphs of H are balanced. Now as an isolated vertex is not balanced and also since |V (H 1 )| ≥ α, we have (3, 3, 4, 4, 5, 5, 5, 5, 5, 5) , (3, 4, 4, 4, 4, 5, 5, 5, 5, 5) , (2, 4, 4, 4, 5, 5, 5, 5, 5, 5) and (4, 4, 4, 4, 4, 4, 5, 5, 5, 5 H 1 is a bipartite graph of order α + 1, H 1 is a bipartite graph of order α + 2, 
Solving (3.5), for x 1 , x 2 and x 3 , we obtain
x 1 = (1/2)α 2 − (7/2)α − 3x 0 + 9,
x 2 = −α 2 + 3x 0 + 8α − 13,
Since d 3 (H 1 ) ≤ α − 1, we have x 0 = 0, 1, 2 and so from (3.6), it is easy to see that Thus the degree sequence of H 1 is one among the following: (4,4,4,4,3,3), (6, 5, 5, 5, 4, 4, 3) , (6, 6, 4, 4, 4, 4, 4) and (7, 7, 6, 6, 6, 4, 4, 4) . Hence H 1 must be one of the graphs as depicted in Fig. 4 .
Computing the signless Laplacian spectrum of the graphs as depicted in Fig.  4 , it can be seen that none of these graphs have α − 2 as its Q-eigenvalue with multiplicity at least α − 2, which contradicts (3.4).
Subcase II: Suppose d α (H 1 ) = d α+1 (H 1 ). Assume that d α+1 (H 1 ) ≥ α − 2. Then d α (H 1 ) = d α−1 (H 1 ) = . . . = d 3 (H 1 ) = α − 1. Thus 2α − 2 ≤ d 1 (H 1 ) + d 2 (H 1 ) = α(α − 1) + 2 − (α − 2)(α − 1) − α + 2 = α + 2.
Therefore α = 3, 4. If α = 3, then H 1 is a graph with degree sequence (3, 2, 2, 1). This contradicts (3.3). If α = 4, then H 1 is a graph with degree sequence Figure 4 : Non isomorphic graphs with degree sequence (4,4,4,4,3,3), (6, 5, 5, 5, 4, 4, 3) , (6, 6, 4, 4, 4, 4, 4) and (7, 7, 6, 6, 6, 4, 4, 4) . Solving 3.7, we obtain
x 0 = −(1/2)d 2 α+1 + αd α+1 − (3/2)d α+1 − 2α + 4,
Since d α+1 ≤ α − 3, x 0 ≥ α(d α+1 /2 − 2) + 4, by (3.8) . Therefore d α+1 = 3, since x 0 = 0, 1, 2. Hence x 0 = α − 5 and x 1 = 9 − α, by (3.8) . Now as x 0 = 0, 1, 2 and d α+1 ≤ α − 3, we must have either (α = 6, x 0 = 1, x 1 = 3, x 2 = 2) or (α = 7, x 0 = 2, x 1 = 2, x 2 = 3). Therefore H 1 is a graph with degree sequence (6, 5, 5, 5, 4, 4, 3) or (7, 7, 6, 6, 5, 5, 5, 3) . Hence H 1 must be one of the graphs as depicted in Fig. 5 . Since none of these graphs has α−2 as its Q-eigenvalue with multiplicity at least α − 2 we get a contradiction to (3.4) . Similarly the theorem can be proved when the polynomial (3.1) does not have root in (n − 2, n − α]. This completes the proof. Figure 5 : Non isomorphic graphs with degree sequence (6, 5, 5, 5, 4, 4, 3) or (7, 7, 6, 6, 5, 5, 5, 3) .
